Chapter Il : Dilation, Erosion I

-

Set Erosion and Dilation

1- General Case
2 - Minkowski Operations
3 - Standard Operators

Erosion and Dilation for Functions

‘ Planar Operations I ‘Gradient and L aplacian I
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\H.I\/I.T. and Set Erosionl

* The objects under study are here the sets XIE. The
theory of mathematical morphology describes them

— by associating with all xUJE two probes A(x) and
B(x) ;

— and by testing whether one is contained in X and
the other in X°.

Initial image
e Thefunctions x - A(x) and X - B(x) are called
structuring elements, and the Hit-or-Miss transform
of X (H.M.T.) isdefined by the operation (Ch. 8) -
— [ C. —
N(X)={z: A(z) O X"; B(z) OX} - =
 When A=LIn (X) becomesthe eroded of X by the 4 \_}-

(variable) structuring element B. One writes
eB(X) ={z: B(z) O X} example of H.M.T.
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\Adjunction (I)l

« Set Erosion : Operation €, commutes under N :

eB(m Xi):{z: B(z) O mXi} = Nn{z B(z)DXi} :meB(Xi),

Therefore, it is effectively an erosion.
« Adjunction : The equivalences
XLEG(Y) « {xXOXDODBX)OY} - [{ Bx),xtX}OdY
yield the operation
3s(X) = B (x), xOX}

which commutes under U. The later isthus adilation, said to be adjoint

of €. Adjunction is an involution, since by taking the inverse way, we see
that'e adjoint of 9.

» Structuring Element :  Since d5(X) = U {0g(X), xUX}, the mapping
" structuring element " x —05(X) = B(x) sufficesto characterise both

- dilation 0 : X > &(X) -and erosion € : X gX).
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‘ Adjunction (11) |

The Adjunction Theorem (E. Gallois....H .Heljmans, Ch. Ronse, J. Serra):
When two operators 0 and € are linked by the equivalence

XLE (Y) « o(X)UY
then they necessarily form an "erosion-dilation” doublet.

Proof : Letbeafamily Y, ,i€ I, and X such that
o(X) L NY, o gX)dd Y, foreveryiel,

By adjunction : firstincluson - X L[E (NY))
secondincluson <« X LE g(Yy).,iel, =« XUOnNe(Y;)
Thisimpliese (NY;) = Ne(Y;),l.e that e isan erosion ( id. for the dilation).

First Representation (J. Serra) . For any pair (0,€) we have .
e(Y) =U{X:0(X) Y} Od(X) =N{Y:e(Y)OX}
Curioudly, erosion appears here as a union and dilation as an intersection
N.B. the approach extends to mappings from one lattice into another.
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\ Representations and Semi-groups I

*  Second Représentation. Theorem (J.Serra) : Every increasing mapping ) on P(E) can
be written as a union of erosions as follows

P=U{¢e,BePE)},
with g5(X) = (B) if X OB, and g;z(X) = I otherwise (dual result for the dilation).

This representation generalises G. Matheron’ s one, for the trandation invariant case (
11, 14), and extends itself to the complete lattice case.

*  Semi-groups. The composition product of two dilations (resp. erosions) is still a dilation
(resp. erosion). Indeed

8,05, = U{Byy) .yOU{ By(x) . xOX} = U{8_[By(x)] , xIX }
hence 682681 =
O ; € & =€ with A =20 (B)

A B2 Bl A B2

[ Semi-group [J no inverse = loss of information.]
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\Caseof Set Trangation Invariancel

* Suppose set E equipped with a trandlation t. The trandation invariant
operations . P(E) - P(E) are called T-mappings.

* Then, thetwo basic dilationson P (E) are
—the Minkowski Addition , which isthe unigue t-dilation,
— the Geodesic Dilation, whichislimited to agiven mask .

« foral X OE, introduce:
1) set X, , translate of X according to vector b :

= {X+b X [] X} Origin
2) set X tranSposed or reflected of X : Q Transpodtio:‘
X = {-x,x0X}

we have: xIZEB < z-x[B .Notethat B issymmetrical whenit
ISequal toits transposed
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\Set Dilation and M inkowski Additionl

- The t-dilations are called Minkowski

Additions. Each of them Is characterized |
by the transform B of the origin, which || | Structuring
O/
Dilation

turns out to be the basic Structuring§ | &M

Element. By putting 0,(X) = X®B , we @
have \
Xe B= U{B,, xOX} [
=U {x+Db, xOX, bOB }

=U{X, bB} =B ® X

fromzid ,(X) < { b=2zx0B et xUX }
- {x:xOB,n X}

we draw that the dilate of X by B isthe
locus of those | points z such that the
transposed set B, hits X :

5.00)={z B, N X%
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Set Erosion and Minkowskl Subtraction

*  The Minkowski subtraction of X
by B is, by definition, the erosion
XoeB adjointto X®B .

e Geometrical interpretation

X 6B turns out to be the locus of the
positions of the centre z of the
structuring element B, when the
latter isincluded in X :

es(X)=XeB={z: B,UX }
N - Representation
B, X « UObUB: b+zUX
< [ bUB: z[IX, , hence

XeB=n{X,,bOB}

structuring element

Erosion
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\Thetwo Dualitiesl

J. Serra

Adjunction, already seen, is the duality
XOYe B o XeB OY X, YOE.

It characterises the pairs "erosion-dilation”. The adjoint
term looks like an inverse. In particular, when X, Y et
B are convex and similar, then

X=YoB « XeB=Y.

Another duality is obtained by taking the complement
I.e. in case of an erosion, by putting :

W (X)= (X ©B)° . V
Now, ( X6 B)°=[ n {(X,)¢, bOB}]®= U {X,, bOB}
e WX)=(X©B)F= X®B.

The operation dual, under complement, of Minkowski
subtraction by B is Minkowski addition by B.

Ecole des Mines de Paris ( 2000)

Dilate of X par B,
similar to each other

Dilate of the same X y
by the transposed B
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\Algebraic Properties of Minkowski Operationsl

Distributivity
We have the following equalities but only theinclusions
XeBuB)=XeB)u(XeB) Xe&e((BnB)UIXe&B)n(X B
XeBuB)Y=(XeB)n(XeB) Xe(BnB)ldXeB)uU(XeDBb
XNnZ)eB=(XeB)n (ZeB) (XuzZ)eB OO (XeB)n(Ze B)

Extensivity Or'g'”a'\s orlgmal
XOXeaeB OO
oopg <o XeB MY OO\U\‘/
I 1on
(XeB)O X dilatation
?DB /

Dilation is extensive and erosion anti-extensive if B contains the origin
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\M Inkowski Addition by Convex setsl

In the Euclidean space R" denote by AB the set ssmilar of B by factor A.
Then the semi-goup law:

[( X [ABB) ClgB)] = XA+ W) B
Is satisfied If and only if B is compact convex (x,y LB => [x,y]UB).
Moreover, if B is plane and symmetrical, it is equal to a product of
dilations by segments.

. Practically, the dilation (resp. the erosion) of aset X by the convex
structuring element AB reduces to A dilations (resp. erosions) by the
structuring element B. Iteration acts as a magnification factor.

VAR X 3Y |
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\ Edge Effectsl

Most of the scenes under study are restrictions, to a
rectangle Z, of alarger set X. - &

« Experimentally, one can access only XNZ, or L 4
XUZ", according to the value 0 ou 1 that one decide - .
to give to the outside. Now, for B symmetrical .

(XN Z)e B=(X©B) N (ZeB) and | an D
(XUZ%® B = (X®B)U(Z°®B) = (X®B)U(ZeB)® Initial set (XNZ)
hence

' w e
[(XU Z%@ B] N (ZeB) = (X@B) N (ZeB) L 4 .d

 In other words, the transforms (X@B) et (X&B) are ..
Al

:

correctly known inside mask Z eroded itself by B. .

Worse, when we concatenate a sequence of £ =
transformations we soon reduce the mask to [ Dilate (X®B) N (ZoB)
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\Standard Dilation et Erosionl

- To solve the problem, we will reduce
progressively the structuring element when it
comes near the edge. We (progressively...)
loose trandation invariance, but the result is
provided in thewhole mask Z .

 In such a "standard" approach, where the
structuring element x— B, becomes x—B,N Z,
dilation et erosion are written

0;(X) =(X®eB) n Z
e,(X)={x:Byn Z0OXn Z}
The duality for the complement isformalised in Z
P*(X) = Z\ Y (Z\X)
Which gives for the erosion algorithm
£ (X) =Z\[5,(Z\X)] = [(X U Z9eB] N Z

J. Serra Ecole des Mines de Paris ( 2000)

:

Initial set (XNZ)

Standard Dilation of (XNZ)
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\ Kernels of the T-mappings l

-  When g isa t-mapping, its kernel v is defined as the set of the YLE
whose transform containsthe origin

v={Y,YOE: {o} O (Y)}.

If {W} stands for a family of t-applications, of kernels v, , the sup and the
Inf of they, admit O v; and n Vv, for respective kernels.

. In case of the Minkowski subtraction by B, the equality BeB = {0}
Implies that the corresponding kernel wg be

wg={Y, YUB} (1) .
Ontheother hand{  increasing} - { BUv, AB UAO v} (2.

 Theorem: (G.Matheron, 1975) Every increasing T-mapping Y on P (E), of
kernel v, Is thefollowing union of Minkowski subtractions

P(X)=0{XeB,Blv}
[derives from Eq.(1) and(2); admits a dual version for the adjoint dilation ].
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Equivalence between Sets and Functions

A function can be viewed as a stack of decreasing sets. Each set is the
Intersection between the umbr a of the function and a horizontal plane.

X, ) ={xOE,fx)2A} = fx)=sup{\:x0X,(H} (D

Function Stack of
sets
A
. g
Function Function => Sets Sets=> Function

It isequivalent to say that f is upper semi-continuous or that the X,’s are
closed. Conversely, given afamily { X,} of closed sets such that

Azp O X,0X, and X,=n{X,,u<A}
there exists a unique u.s.c. function f whose sections are the X, ’s.
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\Dilation and Erosion by aflat structuring Elementl

. e . _ grey levels
Definition : The dilation (erosion)fl | e -

of a function by a flat structuring
element B is introduced as the .
dilation (erosion) of each set X;(A)f | < -
by B.They are said to be planar . |

This definition leads to the
following formulae :

(feB) (x) = sup{ f(x-y), ylB }
(feB) (x) = inf { f(x-y), - yOB} 0 0 a0 e épace

Dilate

50 -

— Original

Eroded

30 -

20 -

= Structuring
element

10 S

e Erosion shrinks positive peaks. Peaks thinner that the structuring element
disappear. Aswell, it expands the valleys and the sinks.

e Dilation produces the dual effects.
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\ Properties of the planar oper atorsl

* Erosion and dilation, with flat or non flat structuring elements, have
basically the same properties as those stated for sets.

* In addition,the use of flat structuring elements provides the three
following specific advantages

Stability
The class of the functions which take n
given values is preserved (any n-bit
Image Is tranformed into an n-bit image ).

Commute under anamorphosis

An anamorphosis is an increasing
continuous mapping of the grey
level values.

ed. Log (feB)=(Logf)®B

anamorphosis Z anamorphosis

| mplementation

A transformation based on flat structuring
elements can be implemented either level
by level, or numerically.
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\Non Planar Structuring Elementsl

J. Serra

Planar structuring elements can be viewed as a function of constant
level, equals to 0, and whose support is the structuring set. These
structuring elements can be generalised by introducing weights. The
resulting elements, no longer planar, are also called « non flat ».

A
Flat
element \
-a—
Support of

element

Ecole des Mines de Paris ( 2000)

Non flat
element ~

A

-
Support of
element
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\Dilation of Functions by non flat Elementsl

Definition Comparison with Convolution
Dilation and erosion of function f by We can establish a paralelism
the (non flat) function h are between the formulae of dilation
given by the relations and of erosion and that of
convolution .

(f & h)(x) = sup [f(x-y) + h(y)]

y[H

(f © h)(x) = inf [f(x-y) - h(y)]
"yJH convolution :

Remark: h(x) * f(x) = = f(x-y) . h(y)
Since the images under study yOH

Sum <=> Supor Inf
Product <=> Sum

traduce physica  phenomena,§ | gilation:
one shall take care to provide f
and f with consistent units.

(f @ h)(x) = SUpIf(x-y) + h(y)]
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Resdues of Transformationsl

Definition
* Leresidue between two transformations g et { is their
difference
Set case: pLIJ,Z(X) = LlJ(X) \ Z(X)
Functions case . Py (X) = P(X) - ((X)
g
B0 &l
Résidue Résidue
N. B. : Operations ) and { may not be ordered .
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Residuesfor Setsand Functionsl

* Theresdues of an increasing transformation are not increasing.
Therefore, in case of numerical functions, thereisno level by level
correspondence able to generate them, as it can be done for flat
dilations or erosions.

Comment

* Inthedigital approach, if we put
Xi(F)={xUOE,f(x)=21}

then the correspondence between residues
of functions and theirs stacks of section 9
IS the following (digital approach)

Xi(f-9)= UX (DX 41(9) , k0]
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\I\/Iorphological Gradientsl

The goa of gradients transformations is to highlight contours. In digital
morphology, three Beucher’'s gradients based on the unit disc are

defined:

Gradient by erosion : Gradient by dilation :

e |t Is the residue between th |t Is the resdue between a
Identity and an erosion , 1.e.: dilation and the identity, I.e. :
for sets g (X) =X/ (XeB) for sets g* (X) =(XeB)/ X
for functions g (f) =f - (feB) for functions g* (f ) = (feB) - f
L Original | L Original -

— |_”‘/ /Eroson I‘/Dllatlon
- NH | [ -<— Gradient Hq—Gradient
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\Morphological Gradients(l1) and Laplacianl

Symmetrical gradient :

* |t Is the resdue between a
dilation and an erosion

for sets g (X) =(X®B)/(XeB)
for functions g (f) = (feB) - (feB)

Erosion
Original

'y m L

M 0 e

Laplacian :

It is the resdue between th
gradients by dilation and
erosion, for functions

L{) =g () - g-(F)

Erosion
Original

\ L. ﬁ o

HH ' H<—>Laplacian
1NE

Note: These notions correspond the "classical” notions of gradient and laplacian
(if they exist), in the limit, when the radius of disc tends towards zero.

J. Serra Ecole des Mines de Paris ( 2000)
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\ Refer ences |
On Set Dilation :

H.Minkowski {MINO3}, in 1901, defined and studied set dilation as it is
presented in chapter II. However, he did not introduce the concept of an
erosion, which was defined by Hadwiger { HAD57}, in 1957.The study of
the specific properties of binary dilations as a function of the geometry of the
structuring element dates from the early 70's{ HAAG67} { SER69} ,{ SER72} .

On Numerical Dilation :

The extension to numerical functions began with {SER75} {ROS76},
{MEY 77}, and was completed by {SER82,chl12} (semi-continuous case,
flat structuring elements) and {STE86} (filters).The properties of planar
mappings have been studied in length in { SER82}, { HEI91} ,{ SOI92b} .

On Adjunction :
Duality between erosion and dilation appears for the first time in E.Gallois's
work (see {BIR84}). It was rediscovered by J.Serra in { SER88,ch.1}, who
found also the representation theorems, and enriched of various properties by
H.Heljmans and Ch.Ronse in { HEI90} .
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